Introduction to

Hydrodynamics 11

Kevin Dusling

BROOKHFIVEN

NATIONAL LABORATORY

June 8, 2010

School of High Energy Dynamics in Heavy Ion Collisions
Berkeley, California




Contents

1. Introduction: The need for second order hydrodynamics

e Diffusion Equation

2. Second order hydrodynamics
3. Results and applicability of viscous hydrodynamics

4. Kinetic theory of first order hydrodynamics from QCD




Navier Stokes

de €+ p— %2
1. Yesterday we looked at NS in 0+1 D: E — — -

2. We would like to solve this in 2+1 D,
T,LLV — T(,;,LV L no_lu,V a'uT,LLl/ — O

but it turns out there are some problems
e Instabilities

e Violations of Causality

3. In order to investigate this we will look at a much simpler theory




Diffusion Equation

1. Continuity Equation
ﬁtn + Vz jz =0

2. -+ Fick’s Law

Ji(x,t) = —=DV;n(x,t)

3. = Diffusion Eqn.
((% — DVQ) n=20




Diffusion Equation
1. Diffusion eqn. in 1+1D
[.C.: n(z,t=0) = o(x)

2. Solution

1 00

(y) exp [— i y)2] dy




Diffusion equation in 14+1 D
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1.

2.

3.

Telegraph Equation
Continuity Equation
ﬁtn -+ szz =0
+ Modified Fick’s Law
07

Ji(x,t) + DV;n(x,t) = —Trg

= Telegraph Eqn.

(8t — DVQ) n =

ot

—TRﬁtzn




Telegraph Equation

1. Exercise: Find analytic solution to telegraph equation

(8t — DV2> n — —TRZ??n

with the following initial conditions

2. Answer;:

2et/ 2R (x, 1)

n(z,t=0) = ¢(x)
on(z,t=0) = ¢(x)

2R oot Jt? - 22
1 r+vt + ' _
o [0+ 20 o (50— 27




Useful Integrals

1. In case you really try to work this out you will need these integrals

. ptoo —irVRP—a?

v 1kx _ 2 _ 2 _
o | e N —Io(a\/T :C)H(T T)

1 [T

o= pikz o —iTVET—a? I (a\/Tz _ le2) 6 (T — )
o

— OO

1 (arj\/'r2 — x2) .
+ art S 0 (7 )




Telegraph equation in 1+1 D
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2. wave front propagates out at v =

0 5 10

So it turns out that the proposed second order theory solves our problem
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Coming Back to the NS equations

1. Exercise: Recast the NS equation QLLT“ Y= (0 where

T =T — not

2
ot = VHuY + VY — APV

3
into the following form:
De + (e+p) V, ut = U oty
p I — 9 UV
VH#p 1

Du* +

|
>
=
&
VN
Ny
S
Q
S
N—"

e+ p (e+p) “




Linearized NS equations

1. Let’s perform a linearized analysis of the NS equations

De+ (e+p)V,ut = gOWJW
VH 1
Dut+ L = AL0g (n0°")
e+p (e +p)

2. Start by perturbing the energy density and flow velocity
e(t,x) = eo + de(t, y)
ut = (1,0) + dut(t, y)




Linearized NS equations

1. The linearized NS equations reduce to a diffusion equation

z Ui 2¢ z 2 .
00U (60+p0)8y5u =0 ((%—DV)TL-O

2. Let us consider a sinusoidal perturbation
ou®(t,y) ewt—ky
3. We find a “dispersion relation” of the form

n 2
k
(e + po)

4. so we can estimate the speed of a diffusion mode with wavenumber &

W =

_dw_2 n I

vik) = dk (€0 + po)




Linearized NS equations

1. Let us modify the NS equations in the same was as in the diffusion case

Dyou” — e Zpo)(?chuz = —TRO;6U ((975 — DVQ) n = —TrON

2. Considering again a sinusoidal perturbation

5uz(t7,y) x eiwt—z’ky

3. Exercise: Show the diffusion speed at large k is finite and

lim d_w d
k—oo dk TR(G + p)




BRSSS stress energy tensor

1. BRSSS wrote down all possible second order gradients allowed by
conformal invariance

1
W= e oy (Do) o)

+ A (oK) + A (0 Q) + Az (QAQVY)
where the vorticity is defined as

1
QWY = iA“O‘A”B (Oaup — Opuy,)




BRSSS stress energy tensor

1. The equations of motion are
UV __ v UV uv
1™ = CZﬂideal T+ aruT =0

where 7"" has been promoted to a dynamical variable evolving
according to

d

T = —not’ — 7, <D7T'LW> + ﬁw“”é) U
)\1 WU\ >\2 Ux OOV [1¥aY72.\
+ ﬁ@wT >—?< Q7)) + A3(Q,0Q77)




Recap: zeroth order solution

1. Yesterday, we found the zeroth order solution to the Boltzmann eqn.

(at =+ U:)({)z) f(pa X, t) — _C[fv p]

1
2. We expanded in terms of ¢

f=fotefi+tefat

Clfo,p] =0 . fO(P.X) = exp (puuuT_ M)




First order solution

1. In operator notation, fi is the solution to the following intego-differential
equation

EfO — C[fl‘fbap] +C[f0|f17p]

2. where the collision operator is

1
clf.oml= | | [ IMPCR (P +@ =P = @) fasr — faso




L.

Left hand side

We first need to evaluate

, H
Lfo = (00 +vph) folpx,t) = 2
p

K20, Uy,
fo[” :

p:u a (paua>
—0J, exp
E, " T E,T

a,uf()(pv X, t)




Left hand side

1. Exercise: Show for a conformal theory that

HpOD, 1 BDG e
p p ,LLU’ _I_plua'u = — p p O-,LL
E,T T 2E,T

2. And therefore
1

Lhy = fogp

p'upyo-/u/




Relaxation time approximation

. Let us use a very simplistic model for the collision operator

Lfo = Crrlf1,P]

1
2E,T

f(p) — fo(p)
Tr(Ep)

where £f0 = f()

p'upyo',ul/

and  Crr|f,Pp] = —

. And we can solve for f;

TR(EP)
2E,T

Ji—Jo=d0f=—Jo

pip o




Relaxation time approximation

The relaxation time sets the shear viscosity

Exercise: Starting with the definition of the stress-energy tensor

. y . J
19 = st ot = [ PV g, 4570
P p

and the form of df we just worked out

of =—fo T;éE;)
b

pip o

get the following relation between the relaxation time and shear viscosity

1

30T E2 fo Tr(Ep)

=




Summary

1. We have our 2nd order equations of motion

TH = TH | 4 i 0, T" =0

idea
o = —not’ — 7 (D7) + - -
2. And we know what is going on at the level of Kinetic Theory

o =iy

p'upya,ul/

3. So now we can go and solve




Elements of a hydrodynamic simulation
1. Initial Conditions
2. Solving

3. Freeze-out




Initial Conditions

The initial conditions are really outside the realm of hydrodynamics

But in order to solve we need to specify

T(XJ_7 TO)) ’LL’LL(XJ_, TO)) 7T'l“/(XJ_a TO)

Two of these are “easy”
ut(x1,79) =0
2n | 2n

™ (xy,710) = —not’ = diag(0, +—, +—,

_477)

3T 3T
What really controls everything is the energy density

e(XJ_aTO) or T(XJ_aTO) or S(XJ_aTO)

37




Glauber Theory

1. The assumption is that the collision of two nuclei can be described by

the incoherent superposition of an equivalent number of nucleon-nucleon

collisions
06| © CYM.m=02GeV ! ' L
. e CYM,m=05GeV .7
Glauber, N R ]
O 5 part 7 |
|| = == Glauber, Ncou e '
04"
W ) I
03
0.2
0.1
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The longitudinal pressure is initially lower in the viscous case
Less pdV work is done so the energy density depletes slower in viscous case
The larger transverse expansion at later times causes a quicker depletion of the

energy density at later times
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Freeze-out

Ultimately experiments measure particle and it is necessary to convert
the hydrodynamic information T'(x), u*(x), 7" (x) we just solved for
into particle spectra

This is done using the “Cooper-Frye” formula

d>N 1
— = d>, P*f(P, X
d3p (27"-)3/2 U f( Y )




Freeze-out

As an example lets freeze-out at fixed proper time

ct [fm]
35¢

30
2.5§
dx,, = (dV,0,0,0) ﬁg
10
0.5§

and we get the following result

3N 1
- = dnd’x, p° f(P, X




Freeze-out

Typically one chooses a freeze-out hyper-surface of constant temperature

or energy density

In order to understand viscous corrections lets take the following

alternative.

Yesterday we specified when hydrodynamics was applicable in 0+1 D

n 1
- <1
e+pT

The expansion rate in 3+1 D is  V u




Freeze-out

Ui
1. Let’s freeze-out on contours of constant ]—?({%UM ~ TRa/,LUM
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v, /€

Freeze-out

1. Viscosity sets the necessary scale for freeze-out
And can possibly help us understand multiplicity scaling
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Viscous correction to spectra
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How does viscosity manifest itself in spectra?

1. Viscous correction to equation of motion
0,IT"" =0 where TH" = (e+ p)uru” + pg"”—n(0"u")

2. Viscous correction to spectra

> d>N _ Vv
d3p (27)3

/ forof phdo,

5f = ——i5 * o'’ (9,uy)

3. In the above expression we have taken what is called the “quadratic
ansatz”’ for the off-equilibrium distribution function corresponding to

TRO(Ep




How does viscosity manifest itself in spectra?
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We need to have a quantitative understanding
of 0f and quadratic ansatz.




Reminder

. We started with the Boltzmann equation in the RTA

f() = fo(p)

8tf+vp-8xf:— TR(E)
P

Substitute  f(p) = fo(p) + 6f(p)  and find

~ Tr(Ep)

B fo()p'p’ (Osu;)

of

. We just showed results for the quadratic ansatz TR X Ep
but what about 7r o (E,)” ?




Notation

1. Most general form of off equilibrium correction is

Of = =x(B) x fop'p’ {Diuy)




Two Extreme Limits

1. Quadratic: Relaxation time growing with energy

d
TR X E, d_]t) o const. x(p) o p?

2. Linear: Relaxation time independent of Parton energy

dp
TR o const. — XD X(p) x p

3. As we will show reality is somewhere in between




Connection between of and viscosity

T = psii — (@) / P )
P Ep

First moment of 6f determines shear viscosity.

o 1
of = —X(ﬁ) X fop'p’ <6‘Zu]> —> 1 = 1_5 /p fOX(p)p

1200 o,

X(p):F(G—a) XS—TXP

So the form of 6f is partially constrained by viscosity.
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Weakly coupled pure-glue QCD

1. Boltzmann equation

Of +vp - Of = —C22[f] = 12

2. Substitute f(p) = fo(p) + 5f(p) and find
22 0 = ~€*20a 1] - €205

3. This integral equation can be inverted to obtain of.




Weakly coupled pure-glue QCD

1. Three different modes of energy loss

Asymptotic Forms

1. Soft Scattering d T
TquD Pocgtlog [ — | x(p) xp?
dt mp

2.  Collisional

dp 4 p p?
VET % log [ 22—
Tq B at 908 (mD) (p) o log p
3. Radiative A
p S 3/2
mmﬁi ~; X9 VB, X(p) < p

The forms of y(p) at large momentum (including the constant)
can be found analytically from the Boltzmann equation.




Weakly coupled pure-glue QCD
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Weakly coupled pure-glue QCD
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